In this paper we add a compact dimension to Schwarzschild-(anti-) de sitter and Kerr-(anti-) de sitter spacetimes, which describes (rotating) black string-(anti-) de sitter spacetime. We study the geodesic motion of test particles and light rays in this spacetime. We present the analytical solutions of the geodesic equations in terms of Weierstrass elliptic and Kleinian sigma hyperelliptical functions. We also discuss the possible orbits and classify them according to particle's energy and angular momentum. Moreover, the obtained results, are compared to Schwarzschild-(anti-) de sitter and Kerr-(anti-) de sitter spacetimes. * Electronic address: rsk@guilan.ac.ir 1
INTRODUCTION
To explain events in cosmic scale, the introduction of a cosmological term into the Einstein field equation, can be advantageous [1] . Another discussions on cosmological constant are, its influence on the creation of gravitational waves and the physics of binary systems, which play a significant role in testing General Relativity [1] [2] [3] . Gravitational waves of massive cosmic events such as merging black holes or neutron star collisions can be generated. Recently lisa pathfinder with Vega rocket from Kuru space-port in French Guiana was launched to detect gravitational waves [4] . One of the first efforts to unify the electromagnetic and gravity forces, is adding a compact dimension to general relativity [5, 6] . Thus, adding a compact dimension to the Schwarzschild-(anti-) de sitter and Kerr-(anti-) de sitter metric, it describes a five-dimensional (rotating) black string-(anti-) de sitter spacetime.
Five-dimensional black holes have special importance. Recently some groups have simulated a Five-dimensional black holes such that they consider the universe as a Five-dimensional black hole and then they study the laws of general relativity on it [7] [8] [9] . The calculation of gravitational waves and also, a systematic study on the last stable spherical and circular orbits, profits from analytical solutions of geodesic equations [1, 10] .
Analytical solution of geodesic equation in Schwarzschild spacetime with use of elliptic functions was demonstrated by Hagihara [11] . Moreover, the analytical solution of the equations of motion in the four dimensional Schwarzschild-de Sitter [12] , Kerr-de Sitter [1] , in higher dimensional Schwarzschild, Schwarzschild-(anti-)de Sitter, Reissner-Nordstrom, Reissner Nordstrom-(anti-) de Sitter [13] , and in higher dimensional Myers-Perry spacetimes [14] , were presented. Also, the geodesics equations were solved analytically, in the singly spinning [15] , (charged) doubly spinning black ring [16] , and (rotating) black string [17] , Schwarzschild and Kerr pierced by black string spacetimes [18, 19] . Moreover, geodesic motion in the spacetime of BTZ and GMGHS black holes and also black holes in conformal gravity and f (R) gravity, were investigated analyticlly in Refs. [20] [21] [22] [23] [24] [25] .
In this paper we add a compact dimension to Schwarzschild-(anti-) de sitter and Kerr-(anti-) de sitter spacetimes, which describes (rotating) black string-(anti-) de sitter spacetime. We observe new behaviour with adding a compact dimension and analysed it in detail. We present the analytical solutions of the geodesic equations in terms of Weierstrass elliptic and Kleinian sigma hyperelliptical functions and discuss about their orbits. First we study the static black string-(anti-) de sitter and we compare it to the Schwarzschild-(anti-) de sitter black hole,and then in the second part, we analyse the rotating black string-(anti-) de sitter and also we compare it to the Kerr-(anti-) de sitter black hole.
BLACK STRING-(ANTI) DE SITTER SPACETIME
In this section, we will study the geodesics in the static black string-(anti-) de sitter spacetime and introduce analytical solutions of the equations of motion and orbit types. A detailed analysis of the geodesics in the original Schwarzschild-(anti-) de sitter spacetime without a compact dimension can be found in e.g. [12] .
The geodesic equations
If we add an extra compact spatial dimension w to Schwarzschild-(anti-) de sitter spacetime, it takes this form:
This black string-(anti) de Sitter spacetime is characterized by the Schwarzschild-radius r S = 2M related to the mass M of the gravitating body, and the cosmological constant Λ.
The geodesic equation has to be completed by the normalization condition g µν
where for massive particles ε = 1 and for light ε = 0.
The Hamilton-Jacobi equation
can be solved with an ansatz for the action
Where, E, is the energy, L, denotes the angular momentum and J, is a new constant of motion according to the compact dimension w, and τ , is an affine parameter along the geodesic. We set θ = π 2
, since the orbits lie in a plane due to the spherical symmetry of the original Schwarzschild-(anti) de Sitter metric.
Using Eqs. (1)- (3) and with the help of the mino time λ as r 2 dλ = dτ [26] we get
) .
For J = 0, these equations, are the same as in the original Schwarzschild-(anti-) de Sitter spacetime without the compact dimension [12] .
For simplicity, we rescale the parameters appearing in eqs. (4)- (7), with following dimensionless parameters
Then, the equations (4)-(7) can be rewritten as
Equation (9) proposes the introduction of an effective potential
The plots of this effective potential are shown in Figs.3 -6 
Types of radial motion
We rewrite eq. (9) as
and Five different regions of geodesic motion forΛ = ±10 −5 and J = 1, can be identified:
1. Region I:R(r) has 0 positive real zeros andR(r) 0 for 0 r. Possible orbit types: terminating orbits.
2. Region II:R(r) has 2 positive real zeros r 1 < r 2 withR(r) > 0 for 0 r r 1 and r 2 r. Possible orbit types: escape and terminating orbits. Tables I and II .
Region Positive zeros Range ofr Types of orbits 
Analytical solution of geodesic equations
In this subsection, we introduce the analytical solution of the equations of motion for Eqs. (9) and (10) . Each equation will be discussed separately.
r motion
We introduce a new variable u = 1 r
, and obtain from Eq. (9):
For bouth test particles and light rays, Eq. (15) should be rewritten as
The Eq. (16), is hyperelliptic type and solve as follows [12, 14] 
where, the argument γ σ is an element of the one-dimensional sigma divisor:
values, and the function f is given by the condition σ(γ σ ) = 0. Also, σ i , is the i-th derivative of the Kleinian sigma function in two variables
which is given by the Riemann θ-function with characteristic
, is the period-matrix, (2η, 2η ′ ), is the period-matrix of the second kind, τ , is the symmetric Riemann matrix, C, is the constant and 2K ∞ = (0, 1) t + (1, 1) t τ , is the vector of Riemann constants with base point at infinity. For more details on the construction of such solutions see e.g. [14, 27] . Finally, the solution forr with use of Eq. (17), is given bỹ
w motion
We substitute dγ = udu R (u) and r = 1 u , in Eqs. (10) and (16) and obtaiñ
This integral can be expressed in terms of the canonical integral of third kind dP (x 1 , x 2 ) [1, 12] , In particular, we have
So, the solution for w is 
ROTATING BLACK STRING-(ANTI-) DE SITTER SPACETIME
In this section, we study the geodesics in the rotating black string-(anti-) de sitter spacetime and introduce analytical solutions of the equations of motion and orbits types. We add an extra compact dimension to the Kerr-(anti-) de sitter metric then derive the rotating black string-(anti-) de sitter metric. The whole solution of the geodesics in the Kerr-(anti-)
de sitter spacetime can be found in Ref. [1] .
The geodesic equations
If we add an extra compact spatial dimension w, to the kerr-(anti-) de sitter metric, then the metric takes the form
where
This solution describes a rotating black string-(anti-) de sitter spacetime. M is proportional to the mass of the black string-(anti-) de sitter, a is proportional to the angular momentum, and Λ is the cosmological constant. Notice that this metric has coordinate singularities on the axes θ = 0, π and there are two horizons defined by ∆ r = 0. With assuming that a = 0, the only real singularity is located at ρ 2 = 0, i.e. at simultaneously r = 0 and θ = π 2 .
can be solved with and ansatz for the action
where τ is an affine parameter along the geodesic. The parameter ε, is equal to one for particles and equal to zero for light.
using Eqs. (23)- (25), we have
Each side of this equation (27) , only depends on r or θ. This means that each side is equal to the famous Carter constant K [28] .
From the separation ansatz Eq. (26), we derive the equations of motion
In the following, we will explicitly solve these equations. Eq. (28) suggests the introduction of an effective potential V ef f,r , such that V ef f,r = E, corresponds to ( dr dτ ) 2 = 0. However, in contrast to the spherically symmetric case, there are two solutions
where ( dr dτ ) 2 ≥ 0 for E ≤ V − ef f,r and E ≥ V + ef f,r . In the same way an effective potential corresponding to Eq. (29) can be introduced
but here, ( dθ dτ 
Again for simplicity, we rescale the parameters appearing in Eqs. (35)- (39), wich dimensionless parameters
and accordingly
Then, the equations (35)-(39) can be rewritten as
In section 3.4, we will explicitly solve these equations.
Types of latitudinal motion
First we substitute ν = cos 2 θ in the functionΘ(θ):
In order to specify the number of real zeros ofΘ(ν) in [0, 1], we suppose that for a given set of parameters, there exists in [0, 1] a certain number of zeros forΘ(ν). ν = 0 is a zero ofΘ
and thereforeL
As ν = 1 is a pole ofΘ(ν) forL = 0, it is only possible that ν = 1 is a zero ofΘ(ν) ifL = 0,
To remove the pole ofΘ(ν) at ν = 1 we consider
hereΘ(ν) = 1 1−νΘ ′ (ν). Then double zeros fulfil the conditions
which in lead toL
With the help of Eqs. (51)- (55), parametricL − E 2 -diagrams can be drawn (see Fig. 8 ).
Below we give a list of possible regions: 
Types of radial motion
In this subsection, we use ofR(r) in equation (42) to determine orbit types.
The zeros of the polynomialR(r) are the turning points of orbits of light and test particles, the number of zeros can only change if double zeros occur, if
with the help of conditions (57), parametricL − E 2 -diagrams can be drawn, (see Fig.9 ) The following different types of orbits can be identified in the spacetimes described by the metric Eq. (23), [1] and [17]:
1. Transit orbit (T rO), with ranger ∈ (−∞, ∞). This orbit is a crossover orbit.
Escape orbit (EO)
, with ranger ∈ [r 1 ,∞) with r 1 >r + , or with ranger ∈ (−∞ ,r 1 ] with r 1 < 0. The effective potentials related to theseL − E 2 -diagrams, whit the help of Eq. (47) are shown in figs. (11) . Also, a summary of possible orbit types can be found in Table III . Different regions of geodesic motion forΛ = 10 −5 and J = 1, can be identified:
1. Region I:R(r) has 2 real zeros r 1 , r 2 andR(r) 0 forr ∈ (−∞,
There is a negative and a positive zero, so that escape orbits (EO) are possible for r < 0 and two-world escape orbits (T EO) are possible forr 0. In part I 0 there is 2 zeros, so that escape orbits (EO) are possible forr < 0 and the former positive zero is now atr = 0 so that the two-world escape orbit turns into a terminating orbit (T O).
2. Region II:R(r) has 2 negative zeros, so there is an escape orbit (EO) forr < 0 and a crossover two-world escape orbit (CT EO).
3. Region III:R(r) has 1 negative zero r 1 and 3 positive zero r 2 , r 3 , r 4 .R(r) ≥ 0 for r ∈ (−∞, r 1 ],r ∈ [r 2 , r 3 ] andr ∈ [r 4 , ∞). Escape orbits (EO) with eitherr < 0 or r >r + and many-world bound orbits (MBO) are possible.
4. Region IV:R(r) has 0 real zeros andR(r) > 0 for allr. Here only transit orbits (T rO) are possible which crossr = 0.
Region Zeroes Range ofr Types of orbits 
Analytical solution of geodesic equations
In this section we introduce the analytical solution of the equations of motion Eq. (42)- (45). Each equation will be discussed separately.
θ motion
We start with the differential equation (43)
and we substitute ν = cos 2 θ to simplify the equation
Timelike and Null geodesics To obtain timelike and null geodesics, the Eq. (59), should has simple zeros, which can be solved in terms of the Weierstrass elliptic function ℘.
For this purpose, we substitute ν = ξ −1 , and therefore
Now, to obtain a Weierstrass form, we substitute ξ =
), then, we have
are the Weierstrass invariants. The differential equation (62) represents an elliptic type, which can be solved by the Weierstrass function [12, 29, 30] .
So, the solution of Eq. (43) is given by
where γ θ,in = γ 0 + , π) (negative sign).
r motion
The dynamics of r are defined by the differential equation Eq. (42)
solving of this equation is more complicated becauseR is a polynomial of order 6.
Considering particles and light, i.e. ε = 1, ε = 0, and assuming thatR has only simple zeros the differential equation (42) is of hyperelliptic type. This equation can be solved in terms of derivatives of the Kleinian function, as presented in [31] . With substitutionr = ± 1 u +rR whererR is a zero ofR, the Eq. (42) is transformed into the standard form and then we get
We choose the sign in the substitution such that the constant c 5 is positive. We have the first kind of differential equation (68) and can solve it by
here
R u ′ and u 0 = ±(r 0 −rR) −1 depends only on the primary values γ 0 andr 0 and the function f describes the θ-divisor, i.e. σ((f (x), x) t ) = 0, eg. see, [31] .
Then the solution of radial distancer is then given bỹ
Here the sign depends on the sign that was chosen in the substitutionr = ± 1 u +rR, i.e. is such that c 5 in Eq. (69) is positive.
ϕ motion
Solutions of the equations of motion, in this part (ϕ motion) and next part (t motion) are exactly similar to the solutions achieved in Ref. [1] .
We assume the equation for the azimuthal angle Eq. (44)
This equation can be separated in two parts, one only dependent onr and the other only dependent on θ. Integration yields
Final solution of I r and I θ yields
and
the details of the above solutions is given in Ref. [1] .
t motion
The equation for t Eq. (45)
is similar to the equation for the ϕ motion. An integration yields t −t 0 = χ 
The r dependent integral
We solve now the first,r dependent integral in Eq. (80)
with using equation (68) where we substituted dγ = udu c 5Ru we have:
The second two integrals in Eq. (85) are of first kind and can be expressed in terms of γ analogous to Sec. 3.4.2, Eq. (68), i.e. 
